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TO 

DR. SWAN M. BURNETT, 

Professor of Ophthalmology and Otology in the Univebsity of Georgetown ; 

Ophthalmic and Aural Surgeon to the Garfield Hospital, and 

Director of the Ophthalmic and Aural Clinic at 

THE Central Dispensary and Emergency 

Hospital, Washington, D. C, 

in grateful recognition of his generous appreciation 

OF MY previous EFFORTS, AND TO 

DR. RICHMOND LENNOX, 

Assistant Surgeon to the Brooklyn Eye and Ear Hospital, 
as a token of my regard for his valuable teachings in ophthalmoscopy, 

these dioptric formulae are respectfully 

DEDICATED. 




^IHORTTjY after publication of my "Treatise on Ophthalmic 
^^ Lenses," Dr. Swan M. Burnett, of Waahington, D, C, kindly 
suggested the execution of plastic models of combined cylindrical 
lenses, by placing a set of these, conceived and hastily prepared by 
himself, -in my hands for further elaboration; with the request, if 
possible, also to produce two combinations in which the cylinders were 
to be united at angles other than right angles. As the result of my 
research, during the time devoted to the conetruction of the latter more 
especially, and with a view to establish confidence in the precision of 
these models, this mathematical demonstration is presented. 

For convenience of reference, the subject has been divided under 
seemingly appropriate headings, liberty being taken to introduce the 
qualifying terms — congeneric, as implying cylinders of the same class, 
^^h. being convex or concave, and conira-generic, coined by myself to 

^HBgnate cylinders of the opposite class, convex and concave. 

^^^In the theorem for combined congeneric cylinders, the full reduc- 
tion of the formulae is given, it being deemed suf&cient, in the second 
theorem, merely to indicate the means by which the results have been 
obtained. 

For the benefit of those indisposed to follow the subject in all its 
details, it has been thought befitting to append a series of values, cal- 
culated by the formulie, whicli the reader may also easily verify by 
practical experiment. 

While the diagrams have been prepared with great care, yet they 
are somewhat at variance with the laws of true perspective, it being my 
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object, in the interest of greater clearness, to strictly preserve all 
important circles and right angles referred to in the text. Two of the 
plates have been printed upon detached cards to facilitate reference. 
A careful study of these diagrams is urgently advised, since it is to my 
truthful conception of them I so largely attribute my success in pre- 
senting these general formulae, which, to my knowledge, are the first to 
be advanced as containing the known quantities of cylindrical foci and 
axial deviation only, 

A more simple and convenient form may ultimately be given the for- 
mulae, though as here presented it is believed they will prove sufficiently 
adequate when their limited application is considered. Their transfor- 
mations, as adapted to the requirements of the metric system, which are 
given at the close, are also believed to suffice in expression of their 
terms in refraction. 

The text having been somewhat hastily prepared, I feel obliged to 
ask the reader^s kind indulgence for its deficiencies, in the hope that 
others, in the future, may give this subject, which contains so many 
points of interest hitherto unpublished, that consideration of which it 
is deserving. 

This first publication is therefore confined to an exceedingly 
limited edition, particularly as it is likely to prove comprehensive and 
of advantage only to ophthalmic surgeons. 

Suspecting my attempt to instruct, while in the capacity of an 
optician, may call forth unusual criticism, I trust the same will be 
mitigated when it is known that this effort is based upon the mere 
recollections of my earlier mathematical studies in Germany, which 
were prematurely terminated while in pursuit of a technical profession. 

Chas. F. Prentice. 

New Yoek, May, 1888. 
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I. DIOPTRIC FORMULA 



FOR COMBINED 



CONGENERIC CYLINDRICAL LENSES. 



BELATI7E POSITIONS OF THE FKIHA&Y ASD SECOKDABY 
PLANES OF BEFBACTION. 

In the following theorems, a prior knowledge of the established 

Bhematical deductions applied to lenses, for parallel rays incident in 
immediate vicinity of the optical axis, and in which the lenses' 
knesses are considered vanishing quantities in proportion to the 
focal distances, is talten for granted ; as the formulas here advanced are 
to be considered dependent upon those which have not been carried 
beyond first approximations. Practically, in almost all cases that occur, 
the thicknesses of the combined lenses are very small quantities com- 
pared to the other dimensions involved, so that we shall consider tho 
cylinders to be so thin that their centres may he supposed to coincide, 
and in which case the focal distances are to be counted from a plane 
perpendicular to the optical axis, in the optical centre of the combined 
lenses. 

In Plato I, two combined convex cylindrical lenses are shown, which, 
whUe somewhat at variance with the prescribed conditions of thickness, 
iriQ, however, better serve to make our subject clear. 

The dotted circle shown within the lenses, with its centre at the 
optical centre o, shall represent the plane above alluded to. 

The passive or axial planes of the cylinders are shown by dotted 
parallelograms at A and a, bisecting each other under the angle Aoa 
= y in the optical axis at o ; and their active planes of refraction C 
and c, which are of necessity at right angles to their correlative axial 
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pliiiirs, Kimilurly bisect each other at the same point. Hence^ < Coc 
-= ^; Ana = y. 

The roiii|M)uiid leiiHy thus presented, consists of two congeneric 
(*yliii«lri('iil I'leineiits, each of which, independently considered, will hare 
itH rnrr(*H]>()ii(ling f(M:al jdunc, which, for convenience, we may tenn an 
rlnnenlary foc'ul plane of the combination. Thus, E^ and E^, at the 
f(M-al diritaiUTri /^ and/,, are the elementary focal planes for the cylin- 
drrri < ' and r, roHpinrtively. The cylinder C will consequently have the 
prn|H»rly «»f deflecting a ray, incident at D, perpendicularly from D^, in 
th«' piano /r'j, to the point Z^ of the axial plane A^Z^, while the cylin- 
der r will have the property of deflecting a ray incident at the same 
point . |KTp(*n<iicularly from />,, in the plane E^, to the point F, of 
tlin axial i)lane a»o^, 

Tlui ^Tcatust amplitude of deflection for C will therefore beD^Zj 
in \\\v. plants A\, and for c will be D^ V^ in the plane E^. It is further 
nianifi'Mt thai the refracted ray DV^V^, contributed by c only, in 
at tain in;; to itH greatest deflection /)g Fg in the plane E^, would pene- 
traln Mm plane A\ at V^, and in it present a proportionate deflection 

/>, r,. 

/>,/fi and /^i Fj, being amplitudes of deflection reduced to the 
Mftnif p/nnr h\f will bear the same relation to each other as their cor- 
roMponding refractions. Thus, 

/> y •-- — /) F • — • 

/i /« 

or, ^\^i = / > when i>i Fj = -^, 

Yfh'wh may easily h(^ shown to be the case when the deflections are 
frmaHunMl in a ])lane one inch from the lens.* 

('onditjonal, therefore, that the deflections are measured, within the 
sarrMJ plane, from a i)()int D^oi the same line of incidence DD{, we 
may att.ain i/O the njsultant of two deflections D^Z^^ and D^ F^, for 
any angular deviation existing between them at D^, by the physical 
law gov(irning similarly united forces. D^M^y as the diagonal of the 

* **R<?fnM;lion and Ancoinmodation of the Eye," by E. Landolt, M.D., Paris, 
traiiHlatcd by C. M. (yulv<T, M.A., M.D., Philadelphia, 1886 (see page 58). 
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pai-allelogram D^ V^M^Z^, will consequently be the reBultant deflection 
accruing from a combination of the cylinders afld c. 

Afl oaoh cylinder contributes a plane of active and one of paasivo 
ictioQ, we shall evidently obtain two resultant principal planes for 
^ir combination, the one of greatest refraction, commonly called 
a primary plane, DD^fi^o, intersecting the angle C'oc = y between 
I active planes of refraction G and v, and one of least refraction, 
Le secondary plane, dd^o^o, intersecting the angle Aoa = y 
reen the passive or axial planes A and a. 
I'The primary plane, in penetrating the plane B^, will consequently 
^de the angle C^OjC, = Coc = y into ZJjOjC, = a and D^o^C^ 
In the plane E^ we shall then find the angles a and J3 
} be directly dependent upon the associated deflections D■^Z^ and 
jT^j for the point D^. In the plane £", a dmilar division of the 
^le AfO^a^, by the secondary plane, will be rendered dependent upon 
, and rfjZj for the point </,. As to this, the diagram is believed 
^ be sufficiently clear, without further reference. 

Since the reaultanta D^M^ and d^m^ will define the directions of 
e refracted raya DM^ and dm^, it ia further evident that for D and d 
^ be points of the primary and secondary planes, respectively, they will 
mvB to be so chosen that Di^t^ and d^m^ shall be directed to the opti- 
cal axis oOjO, ; and as we shaU later learn, this is but one of the 
restrictions which renders a diagram somewhat difficult of construction. 
The resultant deflections D^M^ and djWi, are consequently shown aa 
being in the primary plane, coincident with i?,o,, and in the secondary 
plane coincident with d^o^, respectively. 

For all intermediate points of the circle, we should find the result- 
ant deflections to deviate from the optical axis. This has been taken 
advantage of in constructing Dr. Burnett's models, and in deter- 
mining the directions of twelve refracted rays in each of the figures 2, 
Plates II and IV. 

The position of the primary plane l)D^o^o, ahown as dividing the 
angle Ci^ iC, = y so that 

r = <■ + (! (1) 

will then be determined by fixing the relations existing between a 
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In the plane E^, from the triangle D^Z^M^, we have 

D^Z^ : Z^M^ = sin < Z^M^D^ : Bin < Z^D^M^, 

< Z.M^D^ = < D^o^c^ = a, 

by parallelism of Z^M^ and c^o^ ; and^ for similar reasons^ 

< Z,D,M, = < D,M, V, = D^o.C, = P. 

/. -Oj^i : Z^M^ = sin a : sin i3, 

Z,M^ = D^ Fj. 

/. D^Z^ : Z)i Fj = sin a : sin /J (2) 

In the oblique plane DD^ F, we find 

D, F, : Z), F, = DD^ : 2)2), ; 

or, as DD^ and 2)2), are the focal distances f^ and/, of the cylinders 
C and c, respectively. 

Multiplying the equations (2) and (3), we obtain, 

2)gFg "-sini3/g W 

Since 2)jOj is the radius of the circle indicated, we may, for con- 
venience, ascribe to it the value 1. We shall then have, 

D^Z^ = sin < D^o^Z^, 

<D,o,Z, = <C,o^Zi- <D^o^C^. 

:. <D^o^Z^ = 90°— p. 

.-. D^Z^ = sin (90°— p) = cos p, . . (5) 

In the plane B^ we similarly find, 

2)g Fg = sin < 2)g02 Fg, 

< 2)gOg Fg = < FgOgCg — < 2)gOgCg. 

/. < D^o^ Fg = 90°— a. 

.-. 2)g Fg = sin (90°— a) = cos a. (6) 



CONGENERIC CYLINDERS. 13 

Substituting the values for D^Z^ and D^ Fg from (5) and (6) in the 
equation (4), we obtain, 

cos )3 __ sin a /i ^ 
cos a sin i3 /g * 

or, by multiplying both members of equation by 2 and transposing, 

f 
2 COS i3 sin i3 = 2 cos a sin €» =^ . 

J 2 
f 

/. sin 2)3 = sin 2a =^ • (7) 

The position of the secondary plane dd^o^o, shown as dividing the 
angle A^o^a^ = y into d^o^a^ = « and d^o^A^ = fi, provided d^o^ 
is perpendicular to D^o^y will be determined by similarly fixing the 
relations between a and fi. 

In the plane E^, from the triangle d^z^m^, we have 

d^z^ : z^m^ = sin < z^m^d^ : sin < z^d^m^, 

< z^m^d^ = < m^d^v^y 

by parallelism z^m^ and d^v^ ; or, as < m^d^v^ = < d^v^o^ — 
< v^o^d^ = 90°— a, 

sin < z^m^d^ = sin (90°— a) = cos a. 

Similarly, sin < z^d^m^ = sin (90°— ff) = cos p. 

,\ d^z^ : z^m^ = cos a : cos fi, 
z^m^ = d^v^, 

,\ d^z^ : JgVg = cos a : cos i3 (8) 

In the oblique plane dd^z^, we find 

t?|5Jj : Jg2g = e?Ji : dd^ ; 
or, as e?t?i =/i and ^^g =/«> 
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Multiplying the equations (8) and (9), we obtain. 



rft^, cos a fi ^ 

d^v^ ~ cos /, ' 



(10) 



and, since d^o^ = d^o^ = radius = 1, 

d^z^ = sin < rfjOj^j = sin < d^o^A^ = sin 0, . (11) 

rfgVg = sin €» (12) 

Substituting these values in (10), 

sin P __ cos a /j 
sin a ~~ cos P /g 

f 
/. 2 sin P cos P =z 2 sin a cos a ^ ; 

J 2 



or, as before, sin 2P = sin 2a ^ 






As the same relations, deduced from the deflections d^z^ and rfgV,, 
under provisions that d^o^ A^DzO^, are here shown to exist between 
a and P as were obtained from D^Z^ and D^ Fg, we are to conclude 
that : 

Jf. The primary and secondary planes of refractUyn are aJt 
right angles to each other for any angular deviation of the oases 
of two combined congeneric cylindricai lenses* 

In a further consideration of the relation (7), 

f 
sin 23 = sin 2« =^ , 

we observe the sines of double the angles, which are each always less 

f 
than 00°, to differ merely by the co-eflficient —^ • 

If, therefore, /g =/i, which is the case when the cylinders are of 
equal refraction, the sin 2P will be equal to the sin 2a, which can only 

y 

be the case when a z= P, or, as a 4- ^ = y, when a = P = ~; hence, 
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2, For combined congeneric cylinders of equal refraction, the 
primary plane eqtuMy divides the angle between the active planes 
of the cylinders, and the secondary plane similarly divides the 
angle between the axial planes of the cylinders. 

In case, however, /g > /i, which is the case when the refraction of 
the cylinder C is greater than c, then sin 2« > sin 2j3, or, when a> p, 
so that 



1 



3, For combined congeneric cylinders of unequal refraAition, 
tlie prifnary plane, in dividing the angle between the active planes 
of the cylinders, will be nearer to the acti/ve plane of the stronger 
cylinder, and the secondary plane consequently nearer to the aayial 
plane of the same cylinder* 

This is also demonstrated in the diagram. 

As, for a combination of two cylinders, C and c, under given angu- 
lar deviation of their axes, the only known quantities will be/i,/g, and 
y, it will be necessary to express « and P in terms of /i,/g, and y. 

This we accomplish through the equations 

sin 2p = sin 2« =^ , 

a + P = y; 

and, as these also contribute elements of vital importance to future 
deductions, we shall seek to reduce in a manner adapted to ultimate 
reference by placing 

^=* (13) 

The above equations may then be written 

sin 2p z=z k sin 2a, (14) 

P = y — a (15) 

.'. sin 2p = sin 2y cos 2a — cos 2y sin 2a = k sin 2a. . (16) 
.'. sin 2y cos 2« = (^ + cos 2y) sin 2a. 
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^ i + COS 2y . _ ,,„. 

/. CO0 2a = — -. — 5 — - sm 2a. . . . (17) 

sin 2y ^ ' 

9 o 1 • « o (i 4- cos 2y)* . , ^ 
.*. cos* 2a = 1 — sin* 2a = ^ — -^-vTi — -^ sin* 2a. 

sin* 2y 

. a o R^ + cos 2y)* , ,"1 , 

.-. sin* 2a ^^ . .^ '' 4-1=1- 

L sin* 2y J 

« 

. Bin« 2« - 8^^' ^y _ sin* 2y 

- ^^ ^ ^^g 2^j, ^ g.^, 2y " it* 4- 2* cos 2y 4- l' 

. rt sin 2y 
/. sin 2a = ' » 

V >fc* "f 2* cos 2y 4- 1 
Hence, from (17), 

^ ^ 4- cos 2y 

cos 2a = ' — « 

V^ 4- 2^ cos 2y -h 1 

For convenience, let m = V^ + 2^ cos 2y -|- 1 (18) 

. . sin 2y ' , . . . 

/. sm 2a = (19) 

m ^ ' 

_ ^ 4- cos 2y ,^^. 

/. cos 2a = —^ (20) 

From (15), cos %& = cos 2y cos 2a -|- sin 2y sin 2a. 

Eeplacing cos 2a and sin 2a by their values from (20) and (19), 
gives, 

cxn (^ + cos 2y) cos 2y . sin* 2y ^ cos 2y 4- 1 ,^,. 
cos 2/3 = ^^ — ■ — -\ ^ = ' ^ . (21) 

Resorting to the general formulae 2 cos* a = 1 4- cos 2a and 2 sin* a 
= 1 — cos 2a, we may write : 

cos^ a = i 4- J cos 2a, 

sin* a = i — ^ cos 2a. 

Similarly, cos* j3 = |- 4- ^ cos 2/3, 

sin* /3 = ^ — ^ cos 2/3. 
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Substituting in these for cos 2a and cos 2)3 their values from (20) 
and (21) gives, 

- 1 .1 ^ + cos 2y w + ^ -f cos 2y ,^^. 

C082a = - + -— I^ = ^ ,, ^. . . (22) 

2 2 VI 2m ^ ' 

. „ 1 1 i 4- cos 2y m — i — cos 2y ,^^^ 

sin2 « = - — -—!: i= 5-^ ^. . . (23) 

2 2 m 2m ^ ' 

* 

cos^^ ^ 1 1 1 + ^co8 2y ^ m + 1 + ^C08 2y 

2 2 m 2m ^ ' 

. „ ^ 1 1 1 -f i cos 2y 7?* — 1 — A cos 2y ,^^. 

sin2 i3 = - — - '- =: '- . . (25) 

2 2 ?» 2w ^ ' 

The angles « and /J may then be expressed in terms of ftyfz* ^^^ 
y, by substituting, in the above formulae, for h and w, their values, as, 
for instance, 

1 . =^ + coa2y 



cos^ « = --!-- 



2 2 /ITT^ f^ 



M 



+ 24;icos»y + 1 



or, multiplying both terms of fraction by /g. 



V ^ ^ V/i« + 2/,/g cos 2y -h A^ 

It will be unnecessary to seek ^ in the same manner, since, by (15), 
j3 = y — «. 

When reducing the above formula, for any given value of y, pur- 
suant to reasons later given, it should be observed that /g >/j, in 
which case a, within the angle y, is to be counted from the axis of the 
weaker cylinder. 
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2. POSinOHS OF THE PBIMART AHD SECOHDABT FOCAL 

PLAVES. 

The plane DD^o^o being the primary plane, it follows that all par- 
allel rays incident in it between D and o will, after refraction, intercept 
the optical axis oo^ at some point, which will be a point of the primary 
focal line. Thus, the final ray DM^M^, in attaining j;o its, greatest 
deflection D^M^ in the elementary plane E^, will establish the limiting 
position for the primary focal line by its intersection of the optical axis 
00^, at Oj. 

For similar reasons, in tlie secondary plane, 0^ will be a point of 
the secondary focal line, this intersection of the final ray dm^m^ with 
the optical axis being more remote in consequence of the inferior de- 
flection d^m^ in the plane E^- 

Like deflections, for opposite cardinal points of the circle within 
the lens, will define the directions of the corresponding final rays, 
which are shown as limiting the major and minor axes of the ellipses in 
the planes E^ and E^, and consequently also the magnitudes of the focal 
lines at Oj and Og. Thus, O^M^ represents one half of the secondary 
focal line at Og. Tlie primary focal line, in the secondary plane, per- 
pendicular to TO^ at 0^, has been omitted, to avoid possible misinter- 
pretation of more important points of reference in this region. All 
rays parallel to the optical axis, incident at intermediate points of the 
circle within the lens, will, upon refraction, intersect the planes E^ and 
E^ at correlative points of the ellipses drawn. 

The region of transition T, or circle of least confusion, will lie 
between the planes E^ and E^, (See Plate II, Fig. 2.) Its position 
may be determined through a simple formula advanced by Prof. W. 
Steadman Aldis, of the University College, Auckland, New Zealand, in 
his consideration of the "focal interval '^ resulting from rays obliquely 
incident upon a spherical lens.* 

Our object beifig to determine the distances of the. primary and 
secondary focal lines or planes from the principal plane within the 
combined cylinders, we may proceed as follows : 

* Elementary Treatise on Geometrical Optics, W. S. Aldis, M.A., Cambridge, 
1886 (see page 39). 
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In the primary plane DD^M^, we have 
Substituting, DY := O^o = F^ as the primary focus ; 

YO^ = D^o^ = radius = 1. 

In the parallelogram D^ V^M^Z^, the angle between the forces, 
2>i Fi and D^Z^, being equal to < O^o^c^ = y, we have, as the 
resultant deflection. 



D,M, = V(n,z,y + {D, F,)^ + a {d, fj (D,z,) cos r, (27) 

in conformity with the statical formula, 

R = VP^ + (?2 4. "ZPQ cos r, 

for forces P and $, acting at the same point, within the same plane, 
under the angle y. 

Substituting in (27) the value of D^Z^ = cos /3, from (5) ; and of 

f f 

/>, Fj = =^ Z)g Fg, from (3), = ^ cos «, from (6), we obtain, 

/>j Jfj = A /cos^ /3 4- 1^ j 008^ « -f 2 y^ cos « cos i3 cos y. 
Introducing this value for D^ M^ in (26), 

^1 = - 2 '^' — ^' ^^^) 

\/ ^^s^ ^ "^ {'7^) ^^^^ « + 2 y^ cos a cos i3 cos y 

f 
Substituting here, as before, '—^ = k, 

F^ = . '^' . (29) 

V cos^ fi + k'^ cos2 a -\- 'Zk cos « cos i3 cos y 
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To reduce the third member under the radical, we deduce from (15), 

cos P = cos (y — a) = cos y cos « + sin y sin a. 

.*. cos a cos p = cos y cos^ « + sin y sin a cos a 

= cos y cos^ a + ^ sin y sin 2a ; 

and by substituting (22) and (19) for cos^ « and sin 2a, 

^ (m -{- k) cos y -f cos 2y cos y sin 2y sin y 

cos CC COS P ZZ: -;; -f- — • 

2m ^ 2m 

But cos 2y cos y -\- sin 2y sin y = cos (2y — y) = cos y. 

- (m + ^ 4- 1) cos y 

.'. cos a cos jj = ^ -' 

2m 

r, (//J + ^ + 1) cos^ y 

/. cos a cos jj cos y = ^^ -^ — • 

2m 

C0S2 y = ^ (1 -f COS 2y). 

{m -\^ k -{- 1) (1 + cos 2y) 



.•. cos « cos fi cos y = 



4m 



wt 4- i -f 1 -f 771 cos 2y -\- k cos 2y + cos 2y 

4w 

J., r, mk-^J(^-\-k-\-mk cos 2y + Jc^ cos 2y -\- k cos 2y 

.-. 2a; cos « cos i3 cosy = ^ ■ ' ^— ! ^— ! ^. 

2m 

For the first two members under the radical, by substituting values 
from (24) and (22), we have 

o ^ . ,« - m + 1 + * cos 2y 4- mk^ -\- k^ + k^ cos 2y 

cos^ P -^ k^ cos^ a = ■ — ■ ■ -. 

2m 

Consequently, the entire value under the radical, 

cos^ P + ^ cos^ a 4- 2^ cos a cos P cos y 

_ m k^ 4- 7/1^ cos 2y -\- mk •\- m -\- ^4-2^^cos2y4-^4-P4-2^cos2y4-l 

~~ 2m 

__ (F4-^cos2y)7?i4-(>^4-l)y/^4-^(^^+2&cos2y4-l)4-^H2>l'co8 2y4-l 
"" 2in 
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Since, by equation (18), ^^ ^ 2^ cos 2y 4- 1 = m^y 

cos^ & •\- h^ cos^ a •\-%k cos n cos ^ cos y 

__ {¥> + ^ cos 2y) m + (^ + 1) ^ + hm^ + m^ 
~" 2m 

_ ^ (^ + cos 2y) + (^ + 1) 4- (^ + 1) ^^ 
■" 2 

= i [^ (^ + cos 2y) + (^ + 1) (1 4- wi)]. 
Substituting this under the radical in (29), we obtain. 



F^ = 



Vi \lc {Jc + cos 27) + (* + 1) (1 + r«)] 



^1 = 



Eeplacing h and m by their values from (13) and (18), 



Vi[^(A-Hcos2r)-f(A4-l)(n-^(A)V.^eos2r4-l); 



^1 = 



Multiplying both terms of fraction by/g. 



l^iC/i (/i +A cos 2r) + (/, +/,)(/, + V'/x»+ 2/1 A cos 2y +/2')] 

(30) 

Transforming, and substituting 1 — 2 sin^ y for cos 2y, we may, 
for convenience in calculating, preferably write, 

rr /i/g 

>^(Zi+A)! _/^/^ sin^y + (/, +/,)/(A+A)! ^/^/^ gin2y 

(11) 

When the cylinders are of equal refraction, /^ being equal to /g = /, 
the above formula, by adequate reduction, assumes the simple form, 

F. = - — ^ (IV) 

^ 1 + cos y ^ 






Subi»cii:u!;ii3^. iX =«.«:= 5\ ^ ^^ iecooiiarT focus 



la- = 'j 



Jf'.'^ = r^ttxioft ^ L. 



i'j -T ' 



(31) 



lu the parallelo^nun u^t^^m^^,, die :mirie becweea the forces^ d^v^ 
aubd d^z^. iKfin^ ^jquiil tu <^ ^a-'t-t ^= ^'^^ — ^ A^J^a^ := 180 — y. 



'i^w^ = \ ('/^r^ W-^ i.A'-'* '"— 'i i'<-?** ► itl*j:« » 001* (ISO*' — y). 

SubrJiiicutiiig the vjuue fur .i^^* = -^ ''i~:« from (9)* = =hr siii/3. 
from (11) : aud for J^r^ = sin «♦ from il^), we obtain. 



d^m^ = \ ^ (• .*) sin- J --- sin- « — *^*^ sin « sin J co& y : 



which introduce in (31) giveix 



F - 



\/ y-^ ) sin- i -r- sin- a — *w -^ sin a sin J cos y 



Xnltiplying numomtor and denominator by • .- 

/a 



F^ = .- Zi 



Vsin- J 4- 1-^ y sin^ a — *i — ' sin a sin J cos y 



and which mav then be written. 



• 

Ft = ■^' — • (32) 
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To reduce the third member under the radical^ we have, from (15), 

sin /J = sin y cos a — cos y sin «. 
.*. sin a sin j3 = sin y sin a cos a — cos y sin* a 

= J^ sin y sin 2a — cos y (J — J cos 2a) 
= i sin y sin 2« -|- J- cos y cos 2a — J cos y ; 
and by substituting (19) and (20) for sin 2a and cos 2a, 

. ^ sin 2y sin y cos 2y cos y -{- k cos y 

sm a sm i3 = ^ *- -\ ^r^ ~ — i cos y 

2m 2m » / 

__ cos (2y — y) + i cos y — m cos y 
~ 2m 

__ (1 -f- ^ — m) cos y 
"" 2m 

^, . . ^ 2 (^- + ^ — ^^^) cos* y 
/. 2a; sm a sin jJ cos y = — ^ 7^ • 

' 2m 

But cos* y = ^ (1 + cos 2y) ; 

. , . . ^ (k -j- k^ — mk) (1 + cos 2y) 

.*. 2k sma sinp cosy = ^^ ^r-^ -- 

2m 

__ k-^Jc^ — mk-^k cos 2y4-^ cos 2y— -m^* cos 2y 
"■ 2m ' 

and for the first two members under the radical, through (25) and (23), 
we find, 

. „ ^ 7 o • o wi — 1 — ^ cos 2y + mk^ — k^ — J(^ cos 2y 

sin* P -i- k^ sm* a = — ^. 

2m 

,\ sin* j3 +'^* sin* a — 2^ sin a sin (3 cos y 

mk^ -f mi cos 2y -|- mi + ??i— i^— 2i* cos 2y—k—k'^—2k cos 2y— 1 

2m 

_ (i*+icos2y)m + (i + l)^?t— i(iH2icos2y + l) — (i*+2ico82y-f 1) 
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_ (ifc» -f t COS 2y)m -\- {k -h l)m — km^ — m^ 
— 2m 

_ k {k -f cos 2y) -f (^ 4- 1) — (^ 4- 1) ^>^ 
" 2 

= jt [k {k + cos 2y) + (^• 4- 1) (1 - wO]- 

Substituting this under the radical in (32) and replacing k and m 
by their values, we obtain, 

p fi 

Multiplying both terms of fraction by /g, 

i/i[/, (/. +Aco82r) + (/, +/«)(/«- V/;H^/, cos 2y +/,«)] 
Substituting, cos 2y = 1 — 2 sin^ y, 



^^. = 



/lA 



\/^^^^ -AA 8in^r-(/, +A)|/^^^^-/^ 

(HI) 



2 sin2 y 



This formula, reduced for cylinders of equal refraction, f^ being 
equal to f^ ^= /, becomes 

F^ = :■ 1 (V) 

* 1 — cos y ^ ' 

It may 1)0 of interest to note that these formulae differ from those 
given for F^ merely by a minus sign in the denominator. 

The preceding iormulse being alike applicable for combinations of 
convex or concave cylinders, the foci /^ and /g are to be introduced 
as positive values, merely with the restriction that /g be greater than 
or equal to/j, in either ^case. 
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S. BELAHONS BETWEEN THE PRIMART AND SECONDART 

FOCAL PLANES. 

Since F^ and F^ have been shown to be dependent upon/j^/g, and 
y, it is evident that, for fixed values of f^ and /g, the same will be ren- 
dered dependent upon successive values of the angle y only. 

It is further obvious that the refraction of one cylinder will be 
affected most by the other when their axes coincide, or when y = 0°, 
and least when their axes are at rights angles to each other, or when 
r = 90°. 

We shall, consequently, fix upon the limits of F^ and F^ for these 
extremes of y. 

Introducing y = 0°, and consequently cos 2y = + 1, into the for- 
mulsB (30) and (33), we obtain, for /g > f^, 

jp _. ./l/g ^ ^ /l./8 __ QQ 

' |/i[/i (/i +/2) + (/i 4-/2) if 2 -A -A)] " ^ 

••• Fi'F^= /'[% : 00 (34) 

For ^1 = J^ n > we shall have as the refraction, 
/i +/« 

•^ = -r + -TT ; consequently, 

-^1 /l /2 

4. WJien the axes of the congeneric cylinders coinHde^ the pri- 
mary focal plane will correspond to that focal plane which is 
defined by the sum of the refractions of the (flinders, whereas the 
secondary focal plane will be at infinity. 

This is shown in Plate II, Fig. 1, 



\ 
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Introducing y = 90°, and conaequently cos 'iy = cos 180' 
into (30) and (33), we Ijave, for /, >/,, 

P = /./■ -/l/i_ 

f/i[-/, (/.-/,)+(/■+/.)(/. +/.-/■)] f' 



__Ji/._ 






-Ml 



I 



■f, 

(35) 



As /, and /, correapoml to tlio positioua of the elementary planes 
j?i and A'„ it follows that 

li, Tlte primary and secondary focal platies coitwlde with their 
eorrelttUve elementar-y foctU planes, when the axes of the con- 
genertc cyllndera of uneqwal refraction are at right angles to each 
other. 



This is demonstrated in Plate II, Fig. 2. ^B 

In the same relation (35), if /[ = f^, then F^ = F^, or V 

6. Tile primary, secondary, and elementary focal planes ail 
merge into one plane, witeti t/ie axes of tlie congeneric cylinders of 
equal refraction are at right angles to each otfter. 

As in this case we have but one focal plane, the refraction corre- 
aponde to that of a spherical lens. 

F-y being adopted as signifying the primary focal distance, it will 
have to be leas than F^, yet if/, >/b, we should find, as a conse- 
quence, by the relation (35), F^ > F^. To retain the significances of 
F^ and F^, it will therefore be convenient to substitute f^ by the 
greater given value of cylindrical focus, and /[ by the lesser, as stated 
under the formulse, page 24. 

By the previous considerations, between the limits of 0° and 90° for 





Z'OH I. 
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; an.l/s, 



I the nearest and most remote 



primary focal line will b 



which, corresponds to the combined 



while Ff varies between i 
limits ot focal distance. 

Ab an illuBtration, let Pig, 1, Plate II, represent two. combined 
conyex cylinders of unequal refraction, with their axes coincident, and 
so united as to permit of the rotation of one of tho cylinders upon the 
true planes of their faces, about the optical centre v. 

In the position shown (y ^ 0°), the limiting distance Z", of the 

. /./■ 

refraction, -7^ -\- -f- , of the cylinders in the active plane ; and in 
the secondary plane, /"^ = od ; consequently, -p- =" — ^0, which 
corresponds to the refraction in the axial or passive plane of the 
cylinders. 

The slightest change in the position of one of the cylindrical ases 
will give rise to a definite value of the angle y in the Formula III, 
thereby bringing P^ within the limits of finite distance, while decreas- 
ing the value of -?■, in the Formula II. 

For each successive increase in the angle y, the primary focal plane, 
corresponding to F„ will recede farther and farther from the lena 
towards Bj, while the secondary focal plane, corresponding to F^, 
approaches nearer and nearer from co to B^, until y = 90", when F^ 
will have reached £',, and F^ become merged into E^, as shown in 
Plate II, Fig. 2. 

Rotation of one of the cylinders is thus associated with correspond- 
ing changes in the distances F^ and Fg, while the movements of their 
correlative focal planes will be in opposite directions to each other ; 
and, as a consequence : 

7- Th^ primary and. seeondtiry focal planen are conjttgate 
lUanee, itubjeet to valuations of the angle between tlie axes of the 
congeneric cyUntlern. 

It being impossible to conatrnct a truthful diagram, Plato I, with- 
out strictly adhering to the principles heretofore explained, it has been 
necessary to select elementary foci in marked disproportion to the 
- curvatures or refractive indices of the cylinders, so as to bring F^ 
within the limits of the space allotted. 



II. DIOPTRIC FORMULA 



FOR COMBINED 



CONTRA-GENERIC CYLINDERSi 



I and I 



1. EELATIVE POSITIONS OF THE PRIHCIPAL POSITIVE 
HEOATIVE PLAITES OF BEFKACTION. 

In a combination of convex and concave cylinders, we can no loi 
have the primary and secondary planes, which we have learned to c 
aider as planes of greatest and least refraction, but, instead, we t 
have a plane of greatest positive and one of greatest negative refractioi 
aynonymously with the generally-adopted distinction between conTB 
and concave lenses, designated by the signs + (plus) and — (minnij 
respectively. As the refractions by the convex and concave elementsfl 
the combination are opposing forces, the plane of greatest positi^ 
refraction will evidently lie between the active plane of the convex a 
the axial piano of the concave cylinder, while the plane of greatei 
negative refraction will be between the active plana of the concare « 
the axial plane of the convex cylinder. 

In Plate III, therefore, the plane DDjO^o of greatest positive r 
tion is shown between c and A, and the plane ddjOjO of grean 
negative refraction between Cand n, these planes, by provision of th^ 
being at right angles to each other, dividing each of the angles jj^o^fl 
and CjO,ai into « and 0. 

To establish tbe formulse for combined contra-generic cylinders, '|| 
shall therefore have to ascribe another significance to the angles'! 
and 0. 
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I The deviation of the axea Aoa is equal to angle AiOiUi = y, and, 

I since c^Oi is perpendicular to a^o^, a + P + y is equal to 00° ; conae- 
I quently, 

a + P = m°~y (;i6) 

The elementary focal planea H^ and S,, corresponding to the focal 
distances f^ and /,, respectively, are exhibited on opposite aides of the 
combined cylinders ; since B^, for the concavo cylinder, will be virtual, 
and in the negative region before the lens, while J?,, for the convex 
cylinder, will be in the positive region behind the lens. Consequently, 
for the point D, the convex cylinder c will contribute as its greatest 
amplitude of deflection D-yZ^, perpendicular to a^o^ in the piano E^, 
while the greatest amplitude of deflection for the concave cylinder C 
will be Z>|| V^, perpendicular to A ^o^ in the virtual plane E^. As the 
incident ray at D will be refracted by the concave cylinder, as if ema- 
nating from a correlative point V„ of the virtual axial line V^o^, it is 
evident that the direction of the ray refracted by it would be Vf^DV^. 
The proportionate deflection contributed by the concave cylinder, 
measured in the piano E^, will consequently bo iJ, T'j. 

Provided the point D be properly chosen, it will be a point of the 
plane of greatest positive refraction, that is to say, when the resultant 
deflection D^M^, accruing from the associated deflections D^ F, and 
DfZi in the parallelogram of forces i*, V^M^Z,, is directed io the 
optical axis. 

To insure D^Mi being bo directed, it is obvioas that the associated 
deflections, DiZ^ and D^ V^, muat also be measured in the plane jSj, 
in the positive region behind the lens. 

Similar reasoning will apply to the point (/ as being in the p'ane 
ddyO^O of greatest negative refraction. In this instance, ditn^ being a 
force directed from the optical axis, in the plane Ey, is to be taken 
negative, synonymously with the plane of greatest negative refraction. 

The relations between a and /3 are to be determined by an analogous 
method to the one given for congeneric cylinders, whereby we obtain 



sin 2« = ain 2/3 ^ 



(37) 
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as defining the positions of the planes of greatest positive and negative 
refraction^ which are again at right angles to each other. 

We here also find the sines of double the angles to differ by the 

f 
co-efficient ^« Hence, when /^ =/i* we shall have « = /3 = 

90**— y 
-2-' "^' 

8. Far combined cantra>^eneric cylinders of equal refracHonf 
tlie plane of greatest positive refraction equaUy divides the angle 
between tite active plane of the convex and tlie aocitU plane of the 
coficave cylinder; and the plane of greatest negative refraction 
similarly divides the angle between the aetive plahe of the concave 
and tlte axial plane of the convex cylinder* 

In case f^ > /,, then P > a; or, 

9* W7ien the cofivex cylinder is stronger than the concave cylin^ 
der, tlie plane of greatest positive refraction will be fiearer to the 
active platie of tfie convex^ while the plane of greatest negative 
refraction will be proportionately farther from the aetive plane of 
the concave cylinder. 

In case /j > f^, then a > i3 ; or, 

10. When tlie concave cylinder is stronger than the convex cylin- 
der , the plane of greatest negative refraction will be nefirer to the 
active jflane of the concave^ while the plane of greatest positive 
refraction tvill be proportionately farther from the active plane 
of the convex cylinder. 

This is manifest in the diagram. 

The values of a and fi may be expressed in terms of /j, f^, and y 
in a similar manner to that shown in the previous theorem, by placing 

f 

^ = ^j * (3^) 

/o 

when, by (36) and (37), we shall have, 

^^ ^ — cos 2y . ^^ 
cos 2i3 = ; — - — - sm 2i3. 

sm 2y 
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• 0/3 sin 2y 

Bin 20 = — » 

VA2 _ 2* cos 2y + 1 

Substituting, in this case, 

m = V^^ — 2^ cos 2y + 1 (39) 



r 



... sin 2)3 = 5^^ (40) 



.'• cos 2P = (41) 



\—lc cos 2y , ._. 

.*. cos 2« = — • ..... (42) 



Eesorting to the general formulaB mentioned on page 16, 

., m 4- 1 — ^ cos 2y ,^^. 



m — 1 + ^cos2y 
sin2 a — - ^ L ^44j 

m + ^ — cos2y 
"^«^ = -^ 2^^^ (^^) 

a^r,2 /^ m — ^ + cos 2y 
Substituting for Tc and m their values, through (43) we obtain, 



^ /l , 1 /n -/i cos 2y 

cos « = \/ ;t + o , • • (VI) 

V 2 2 Vf„^ - 2/* /'. cos 2y + /* 2 



and by equation (36), j3 = 90° — (y + a) ; 

the latter equations being all that is requisite to locate the positions of 
the principal planes of refraction ; the angle « being counted from the 
axis of the convex cylinder. 
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2. POSinOHS OF THB POSITIVE AHD VEaATIVE FOCAL 

PLANES. 

The positions of the positive and negative focal planes will evidently 
here also be determined by the resultant rays, DM^ and dm^, and their 
correlative intersections with the optical axis at 0^ and O^. 

O^m^ will therefore represent one half the focal line in the positive 
region behind the lenses, and O^M^ one half the virtual focal line in 
the negative region before the same. 

The ellipses shown in the planes E^ and E^ are of the same signifi- 
cance in this as in the preceding combination. 

In the plane of greatest positive refraction, DD^ TO^, we have 
Substituting, DV = O^o = F^ as the positive focus ; 

YOi = Do = radius = 1. 

••• ^^ = i^m; (*') 

In tho parallelogram D^ ViM^Z^, the angle between the forces, 
/)j F, and /^,^j, is equal to 180° — y, since D^Z^ _]_Z^o^, and 

.-, J>,M,=z '^{lT[Z,y+{D, V,r + 2{I),Z,){I)^ V,) cos (180°-y). 

In tho oblique plane D^ V^DV^D^, we find, 

/;, F, : DD^ = D^V^i DD^. 
D^ F, = sin < D^o^A^ = sin < DiO^A^ = sin (3. 

DD^ =/o. 
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.-. />! Fi = ^ sin j3. 

/o 

D^Z^ = sin (< Z-^o^c^ — < DtO^c^) = sin (90° — a) = cos a. 

Substituting these values in the equation for D^M^, formula (47) 
becomes. 



F. = 



A 



\/ cos^ a 4- r^ j sin^ j3 — 2 ^ sin i3 cos a cos y 
V Vo' /o 

and, by placing ^ = jfe, with the aid of the formulae (39), (43), and 

/o 

(46), upon adequate reduction, we obtain, 

jp : fi . 

^ Vi [k {k — cos 27) + (1 — ;{;) (1 + m)] * 

Replacing ^ and m by their values, and multiplying both terms of 
fraction by /q, gives, , 

^ /t/ ^ 

Vilft (/i -/o COS 2r) + (/o -/i )(/. + Vf7=¥ofi cos 2r +/.*)] 

(48) 

« 

Substituting, cos 2y = 1 — 2 sin^ 7, 



^1 = 



/i/o 



(VII) 



sin^y 



This formula, when reduced for cylinders of equal positive and 
negative refraction, f^ being equal to /^ =/, assumes the simple- 
form 

F, = -^ (IX) 

^ sm y ^ ^ 
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In the plane of greatest negative reflraotion^ d^m^dO^X, we obtaan^ 

dX : dd^ = XOq : d^m^. 
Substituting, dX = O^o = — F^ SiS the negative focus ; 

dd, =A; 
XOq =^ do = radius = 1. 

••• -^'> = -^ki' <*») 

since d^7n^ is to be taken negative. 

In the parallelogram d^v^m^z^, the angle between the forces, d^v^ 
and d^z^, is again 180° — y ; hence. 



d^7n^ = V{d^z,y-i-{d^Viy-\-2{d^z^) (d^v^) COB (ISO^'-y). 

In the oblique plane d^v^dv^d^, we find, 

d^v^ : dd^ = d^v^ : dd^. 

d^v^ = sin (< D^o^,d^ — < i^o^o^o) = sin (90° — < D^o^A^) 

= sin (90° — )3) = cos 0. 

.•. d^v^ = ^ cos j3. 

d^z^ = sin < d^o^z^ = sin a. 

Substituting these values in the equations for d^m^ and (49), we 
have, 



a/ sin* a + /^} cos* /8 — 2=^ sincecoB/Scoey 
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Eeeorting to the equations (38), (39), (44), and (45), the above may 
be given the form, — F^ -=. 

/ i/o , 

|/i[/i(/i-/, cos2r) + (/o-/i)(/.- V77^2/„/, Cosgy+Z!^ 

(50) 

••• - ^« = 

./i/o 

(VIII) 

which differs from the formula given for F^ merely by a transposition 
of the elements in the factor before the second radical, and, consequent- 
ly, when reduced to cylinders of equal refraction, also becomes 

-F, = --/- (X) 

" sm y ^ ^ 

The formulae (IX) and (X) correspond to those applied to the 
Stokes Lens. 

In reducing the preceding f ormulaB for given values of cylindrical 
foci, /o is to be substituted by the focus of the concave and /^ by the 
focus of the convex cylinder, both being introduced as positive values. 



S. RELATIONS BETWEEN THE POSITIVE AND NEGATIVE FOCAL 

PLANES. 

As in this combination the cylinders likewise affect each other most 
when their axes coincide, and least when their axes are diametrically 
opposed, we may here also fix upon the limits of F^^ and — F^ for 
y = 0° and y = 90°, as in the previous theorem. 

When y = 0°, or cos 2y = +1, from the formulae (48) and (50) 
we find, for /^ > f^, 

^ __ ■ /i/o _. ./ i/o 

' V'K-/i(/o -/i)+(/'o -/,)(/» +/»-/i)] fo-f^' 
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"" 




r 


/,/. 




=- 


/,/. 


' </*[-/i(/.- 


-/■) + (/. 


-/,){/.-/.+/1)J 





.-. F 


1 ■ - f = 


^^^- 






For r, = /lA , 


we have 


as the refraction 


1 


1 













(51) 



11. H'hen the convex eylitulcr i» of greater refraction than the 
ctmvave, ami ttteir axes are eoincMent, tlie [toaitive focal plane will 
coincide utith tltat focal plane which is defined by the difference of 
the refractions of the cylinders,* whereas the negative focal plane 
wiU be at infinity. 

Placing y = 0°, or cob 2y = +1, iu the formula; (48) and (50), we 
have, for /, > /„, 

p /■/« ._/lZo_^ 



Vi [/. (/. -A) - (/. -A) (A +/. -/«)] ** 

fi [/i (/. -A) - {/i -A) (A -A +A)] f^ -fo 

.-. /-, :-/■„ = oc : - -f^,r (52) 

For — F^ — — - /'A ., 
— 1"^; -TT ) ; consequently, ^H 

12. When the concave cylinder is of greater refraction than the 
convex, and tludr axes are coincident, tJie negative focal plane 
wUl coincide with that focal plane which is defined by tlie Mfference 
of the refractions of tlie cylinders,* whereas the positive focal plane 
ttrill be at infinity. 




This is shown in Plate IV, Pig. 1. 

' Or the sum of their refractions when taken as positive and negative elemt 



I 



-.;^'^'^ ^/ 



-MiV 
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Introducing y = 90®, or cos 2y = cos 180° = — 1 in the formulae 
(48) and (50), we have, for fo%fi, 

F z=z JiJo fiJo f 

' i/iifdfi +/o) + (/o~/l)(/o +/o +/i)] /o ^'' 

"^''^ ~|/K/i (/i +/o) + (/o -/i )(/o -f^^^M " ""TT" ""•^'^' 

••• F,:^F, =A:~/o (53) 

From which we deduce : 

13* The positive and negative focal planes coincide with their 
correlative etementary focal planes, when tlie axes of the contra^ 
generic cylinders are at right angles to ea^^h other. 

This is demonstrated in Plate IV, Fig. 2. 

Between the limits of 0° and 90°, for /^ >/i, we have consequently 

f f 
found F^ to vary between the limits of • ^'^^ and f^ behind the 

/o /i 
combined lenses, while F^ varies between the limits of oo and f^ on 

the incident side of the same. 

The convex cylinder being stronger than the concave, when their 

axes coincide their combined refraction will evidently be equal to that 

of a periscopic convex cylinder, since -r=^ := — — in the active 

^1 /i /o 

plane ; and -=- = — = in the passive plane. 



Between the same limits, when /^ > /o, F^ will vary between 
and /^ on the incident side of the combined cylinders, while 



Jifo 



f\ /o 

F^ varies between oo and /j behind the same. (See Plate IV. ) 

In this case, when the axes coincide, it is evident that the resultant 

refraction will be equal to that of a periscopic concave cylinder, since 

— -^r = — \-F IT I in the active plane ; and ^=r = — = for 

the axial plane. 
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For an inequality in the refractive power of the cylinders^ rotation 
of one of them, from 0° to 90°, will therefore be associated with corre- 
sponding changes in the positions of the resultant focal planes between 
the limits of infinity and the focus of the weaker cylinder on the one 
side, and between that focal plane which corresponds to the difference 
of their refractions an! the focus of the stronger cylinder on the other. 
Since in this case the approach of one focal plane is accompanied by a 
corresponding recession of the other on the opposite side of the lenses, 
their movements are, as in the previous theorem, in opposite directions. 

When the cylinders are of equal refractive power, /j being equal to 
/y, it will follow, from the relation (53), that F^ = F^, so that, 
between the limits of 0° and 90®, F^ will vary between infinity and /^ 
on the positive side, while F^ varies between infinity and f^ on the 
negative or incident side of the combined cylinders. 

Consequently, when the axes coincide, + i^j = + oo and — -^o = 
— 00. This u evident, since the refractions of equal convex and 
concave cylinders, under such circumstances, neutralize each other 
throughout. 

By the previous considerations we therefore here also find : 

14* TJie positive and negative focal planes are conjti^ate planes ^ 
subject to vaHatlons of the angle between the axes of the contra- 
generic cylinders. 

The diagram, Plate III, has been constructed in accordance with 
the foregoing provisions. 



III. DIOPTRAL* FORMULA. 



As the task of reducing dioptres to their focal distances would 
render calculation by the preceding formulaB somewhat arduous, we 
may here introduce the formulae, expressed in refraction, which will 
be found exceedingly convenient when applied to combinations of 
cylinders of the metric system more especially. 

For the focal distance F. we have as the refraction -^=r=E^, and 

for /i and /g, similarly, -^ = r^ and -y = rg, which may be un- 

derstood as signifying dioptres of refraction. 

By these, and similar substitutions for other foci, we may then 
write : 

THE DIOFTBAL FOBMTJLS! FOB COMBINED OONOENEBIO OTLnTDEBS. 

cosccr^.A^l r^+r, cos2y ^j^^ 

\ 2 2 ^^^i j^ 2r^r^ cos 2y + r^ 

Rx = y i(ri+rg)2— rirgsin^y-f (r^ +rg)\/i(/'i +^2)^—^1 ^2 sin^y. 

(n2>) 

^2 = y i (^1 +^8)^—^i^2 8in2 V — (rj -\-r^)V\ {r^ -{-r^y^—r^r^ sin^y. 

(in/>) 

To retain the significances of R^ and i^g, in calculating, r^ should 
reT)resent the greater cylindrical refraction. 

72^ = r (1 + cos y) {JYD) 

i^g = r (1 — cos y) {YD) 

* The adaptation of this adjective would seem justifiable, since the unit 
"dioptre" has been chosen in distinction to "dioptric," which, though related, has 
another significance. 
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THE DIOFTSAL FOBMUIJE FOB OOMBIHED OOHTBA-GEHEBIO OYLINDEBS. 



cos 



y ^ ^ Vr^^ — 2r^rQ cos 2y -f r^* 



(vm>) 

(vmz>) 

72, = r sin y (1X2)) 

- J?, = ^ r sin y (XD) 

If, in (LID) and (HID), the convex element r, be replaced by the 
cioncave element —r^, we obtain (VILD) and (VIIID). 

By the aid of these formulsB we may also arrive at the following 
significant facts. 

The formula} (IID) and (IIIZ^) may be written : 



72,2 -- i(ri+rg)«— r^rj sin^y + ('•i+rg)\/i(r,+r8)2 — r^r, sin^y. 



/2j« = i{r^+r^y—r^r^ sin^ y — (ri+r8)v'i(r, +rg)2 — r^r^ sin^ y, 
which, by addition, result in the equation, 

72,2 4. ji^i ^ (;.^ ^ r^y _ 2rjrg sin^ y. 

.-. (72, 4. 72g)« — 272, 72^ = (r, + r^y — %r^r^ sin^ y. 

.-. (i?, + 72,)« = (rj + r,)« - %r^rt sin* y + 25,5,. 
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Multiplying (IID) by (IILO), we find, 

2E^B^ = 2r^r^ sin^y, 

.\ R^ + E^ z=z r^ -\- r^ (54) 

From which we conclude : 

• 

15* The 8v/m of the primary and secondary refrewtians i8 
a constant, being equal to the sum of the elementary refractions 
for any combination, and aU deviations of the axes of two corn^ 
bined congeneric cylinders. 

In the same manner, we obtain from the formulaB (Vlli)) and 
(VIILD), 

^1 — i?o = ri — To, (55) 

and therefore here also find, 

16* The sum of tfie principal positive and negative refractions 
is a constant, being equtU to the sum, of the positive and negative 
elementary refrtictions for any combination, and aU deviations of 
the axes of two combined contra-^generic cylinders* 

The total inherent refraction always remaining the same for any 
combination, the angle y merely performs the function of allotting the 
proportions of refraction 7?j and E^, or E^ and E^, in the resultant 
principal planes. 

By the equations (54) and (55), calculation may be greatly simpli- 
fied. i?i being determined for a specific value of y, we may readily fix 
upon E2 or E^hj these equations. 

This is demonstrated in the appended tables, although it has not 
been utilized in calculating ; on the contrary, a study of these led to 
the above deductions. 



IV. SPHERO-CYLINDRICAL 
. EQUIVALENCE. 



Since, for any combination of cylinders, the principal planes of 
refraction are at right angles to each other for all values of y, there can 
be no reasonable doubts, under the provisions made at the opening of 
this demonstration, as to the equivalence of a sphero-cylindrical lens to 
one composed of combined cylinders. However, the use of such lenses 
being at present confined to the correction of errors of refraction in the 
human eye, it is evident, from the movements of the eye behind the 
fixed lens, that the visual axis cannot at all times coincide with the 
optical axis of the lens chosen, so that, in those practical attempts at 
substitution, which may at times prove to be unsatisfactory, the cause 
miglit seemingly be explained by the possibility of a difference becoming 
manifest for the more peripheral incid^t rays, although equally distant 
from the optical centre of either form of lens. In other words, the 
available field in the one may be greater or less than in the other, 
which, however, is likely to prove appreciable only in lenses of extreme 
curvature, and possibly in combinations of cylinders which widely differ 
in their individual refractions. This would remain to be shown. 

To substitute a sphero-cylindrical lens for combined cylinders, the 
proposition is merely one demanding that the *^ focal interval'^ be the 
same, at the same distance from the principal plane, at the optical cen- 
tre, for each of the compound lenses. The distances -F^ and. -Pg being 
determined for any angular deviation y of the axes, in a combination of 
congeneric cylinders, for instance, the substitution is accomplished by 
making a sphero-cylindrical lens in which the focus of the spherical 
element is equal to F^, and of the cylindrical element equal to 

-=— ^ — — - , or, if expressed by refraction, -= =- sph. = -^ cyl. 



SPHERO-CYLLKDRICAL EQUIVALENCE. 43 

If the primary, and secondary pknea of the sphero-cyliDdricul lens 
are to coincide witli those resulting from a combination of two definitely 
placed congeneric cylinders, the formula (I) and the articles 3 and 3 are 
to be referred to. 

Comparing the sphero-cylindrical equivalent with the rotating cylin- 
ders, reference being had to Plato II, Fig. 2, a redaction of the angle y 
from. 90" would be equivalent to a spherical element of the focus F^, 
constantly decreasing from the focus /j to co, associated with a cylin- 
drical element of the focus /"e, constantly increaaing from the focus 

tency of the spherical refraction -=-, from -.- to — ^ = 0, gives way 

to a proportionately increasing cylindrical refraction -=,-, from -,- ^ 

^e ft Jt 

to -TT + -T- As an instance, if /, = /g = /, -^ will increase from 

-2 ^ ^ to —X, or twice the refraction of either cylinder. In 

this case, all auccesaivs values of cylindrical refraction will therefore 



Should a means be devised to suppress tlie spherical element for 
each auccessive value of y, the remaining varying cylindrical element 
being thus rendered available for measuring corresponding degrees of 
astigmatism in the eye, the formulse here advanced would prove of ser- 
vice in obtaining the graduations upon the rotating plates of such an 
instrument. 

While cases of anomalous ocular refraction demanding a correction 
by combined cylinders are fortunately exceedingly rare, we may uever- 
thelesB be permitted to passingly allude to certain methods of procedure 
in such instances. We shall confine the subject to congeneric cylinders. 
In a case of astigmatism, for which the diagnosis has resulted in fixing 
upon two cylinders combined under the angle y, the lenses are to be with- 
drawn from the trial frame and inserted in a graduated cell, so arranged 
as to facilitate their being rigidly fixed in any desired position for y. 

The positions of the principal planes of refraction are then estimated 
for this fixed combination, in the usual manner, without regard to the 
nature of the elements constituting it ; the proportions of spherical and 
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cylindrical refraction being revealed through neutralization by lenses 
from the trial set. The so determined lenses are then to be substi- 
tuted in the trial frame, when rotation of the cylinder will lead to that 
position of it which is most acceptable to the patient. The spherical 
and cylindrical elements will probably then also bear of further modifi- 
cation, as a means of excluding any error which may have been caused 
by lack of absolute contact of the original cylinders in the cell. The 
formulas may be resorted to as a further and more definite verification. 

It having been shown that successive changes in the angle y are 
associated with corresponding changes of F^ and F^, the above sub- 
stitution would indeed seem advisable, since the present appliances for 
grinding cylindro-cylindrical lenses are not constructed with suflScient 
precision to enable opticians to fix the relative positions of the cylinders 
beyond mere approximation. 

As an illustration, let us select two congeneric cylinders of equal foci, 
say 20 inches, combined under the angle y = 60*^. Introducing these 
values in the formute (IV) and (V), we find, 

^^ = 1 + cos 60° == IT"0:5 = ^^-^^^ 

F - ^Q - _?2._ ^ 40 

^« "~ 1 - cos 60° "" 1 - 0.5 "" 

We then obtain the cylindrical refraction -^ , for the desired sphero- 
cylindrical equivalent, from the equation. 



F, F^ F, 



(56) 



Substituting herein the calculated values for F^ and F^ gives, 

_JL Jl _ 1. _ Jl 

13.33 40 "~ /; "" 20* 

-=- = — being the spherical element, we therefore have the sphere- 



cylindrical equivalent. 



i «Ph. C ^ cyl. 
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as an available substitute for the cylindro-cylindrical lens^ 

-TTT cyl. axis 0° O ht^ cyl. axis 60°, 

without regard to a definite position of these lenses before the eye. 

By way of comparison, allowing the optician to make an error of 
apparently so small an amount as 2°, in producing the same cylindro- 
cylindrical lens, we obtain, by introducing y = 62° in the same 
formulae, 

JP - ^Q _ ^Q _ J2_ - iq fil 

^ "" 1 + cos 62° ^ 1 + 0.469 "" 1.47 "" ''^'^^' 



20 _ 20 _ _20 

1 — cos 62° ~ 1 — 0.47 "" 0.53 



-MB — 1 ~„ coO — ^i TT-rii. — r. ^« — 37.73. 



Substituting these values in the equation (56), we have. 



13.61 37.73 ^ Fc^ 21.29' 
from which we obtain the sphero-cylindrical lens, 

sph. C oT-^n cyl. 



37.73 ^ ^ 21.29 

Had the optician been required to make a sphero-cylindrical lens 

-rpr sph. O KT^ cyl., his execution of it presenting such discrepancies as 
40 /^O 

— r— sph. O oT~9a ^y^*^ would certainly be rejected as being unsatis- 

factory, a notable difference of 2.27 inches focal distance being manifest 
in the spherical element. 

On the other hand, instances are likely to occur for which it will be 
impossible, by the advanced method of neutralization, to accurately 
arrive at the sphero-cylindrical equivalent. 

Since ^ cyl. axis 0° C ^q ^yl-^axis 62° = ^^^ sph. C ^j;^ cyl., 

we should evidently be unable to satisfactorily neutralize such spherical 
and cylindrical elements by any of the lenses in the series of a trial set. 
In those instances, therefore, where satisfactory neutralization ^of 
the principal planes of refraction cannot be attained for the combined 
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cylinders, in the graduated cell, the cylindro-cylindrical lens will have 
to be chosen, again under the proviso, however, of a faultless mechan- 
ical execution. The sphero-cylindrical equivalent being, however, 
generally available, we are to suspect error in our estimation of the 
refraction of an eye seeming to demand cylinders combined under acute 
or obtuse angles. Having found an opportunity to apply the formulae 
in practice, I take pleasure in citing the following case. 

A cylindro-cylindrical lens -— ^j: cyl. axis ^° O — tt; cyl. axis 70° 

had been prescribed for Mr. G. B. Owen, of New York, by his oculist 
in Philadelphia, in 1880-^1, the above correction having been worn con- 

tinually since that time, while affording vision = - for the left eye. 



This case being known to me, I was anxious to make the substi- 
tution of the sphero-cylindrical equivalent, which I obtained as follows : 

The lenses being congeneric concave cylinders of equal refraction, 
by the formulae (IV) and (V), for / = 40 and y = 70°, we have, 

^' = 1 + ol^oa = ^^-^^^ = ''' 

it being mlmissible to neglect the fractions for such focal distances. 
By article 2, we find the position of the cylindrical axis equal 

' = ;J5°, and consequently the sphero-cylindrical equivalent, 

— ^ sph. C — gQ cyl. axis 35*". 

This lens has been substituted with the knowledge and to the 
entire satisfaction of the patient. 

It is therefore obvious that the meridian (125*') of greatest refrac- 
tion in the eye had not been disclosed by the diagnosis. 

The weak spherical element, in the substituted lens, while being an 
appreciable factor to the patient, might easily have been overlooked by 
the practitioner. 

, In similar cases, the advanced formulae must prove of value in fixing 
upon the true state of the refraction. 



^V. VERIFICATION OF THE 
FORMULA. 



F In the following tables, the Dioptric and Dioptral Formulas have 
nn applied to combinations of cylinders of the inch and metric sya- 
fems, respectively, it being inadmissible to snbstitute the generally 
adopted inch-aystem equivalents for dioptres, in calculating, as tbe 
frequent repetitions of the former as factors in tbe dioptral formulse 
would increase the neglected diflerences to an unwarrantable degree. 
For the purpose of obtaining reliable results, the calculations have 
been carried to the fifth decimal place under the radicals. The 
angles 30°, 45°, and 60° have been chosen so as to exhibit appreciable ' 
differences in the corresponding resultant refractions, which are thereby 
also brought within the lens-seriea of the inch and metric syatems. 
The elementary foci and refractions have, in a measure, been arbitrarily 
selected, it being noticeable that the secondary refraction will generally 
be beyond the limits of neutralization for combinations of wealier cylin- 
ders, in which the axes deviate by leas than 30°. 

The Approximates given for refraction, in Table 1, will at times 
appear to conflict with the articles 15 and 16 ; this, however, is to be 
attributed to changes of proportion occasioned by the adopted substitu- 
tions. 

To substantiate the resultant refractions given in the tables, 
through the experiment of neutralization, the cylindrical axes should 
first be accurately determined, when the cylinders are to be ao united 
as to insure absolute contact of their plane surfaces. 

Great care should also be taken to accurately and rigidly combine 
the cylinders under the specified anglea, as the slightest variation will 
prove misleading. In the practical experiment, the observer'a eye will 
generally fail to appreciate the neglect of fractions made necessary by 
the available lenses of an oculiat'a trial ease. 
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VERIFICATION OF TIIE FORMULA. 



1. TABLES DI VEHmOATION OF THE DI9PTBI0 FORMULA. 

FOR COMBINED CONGENERIC CYLINDERS. 



Elembhtabt 

Poci. 


Deviatiom. 


PaiHAKr 
Pocns. 


Pbimj-by 

REPttACTION. 


Sei-ONDiRY 

Foc-us. 


Secu.vsaki 
Refsactiom. 


A </.- 


r 


Pi 




F, 




16 OM 


80° 
45° 
60° 


10.2576 
11.1555 
ia.5S59 


1/H 


149.7422 
IW.8847 
40.7778 


Vwo 



FOR COMBINED CONTRA-GENERIC CYLINDERS. 



Blsmemtabv 

Foci. 


Axial 
Dbtiatioh. 


PoHITtVB 

Focus. 


PoairrvE 
Refraction. 


Neoatite 
! Focus. 


Nboativb 

REFKACTIOIt. 


A > /.■ 


r 


+f, 




-". 




14O10 


35° 
45° 
60° 


10.9799 
18.3046 

11.3687 


+ VI6 

+V'ia 


32.9799 
21.2040 

16.5870 


-1/a 


f. </,. 


/ 


+ -F, 


Usp««tif~««.> 


-P« 


Uwrmlmoft) 


14O30 


80° 
45° 

00° 


47.S527 
30.4131 
23.7310 


+ !;» 

+ 1/M 


1 23.5527 

18.4131 

1 15.7315 





2. TABLES IH VEamOATIOlT OF THE DIOPTEAl FOBMDLa. 

FOR COMBINED CONOENERIC CYLINDERS. 



Elehentaby 

BEfBACTlONS. 


Axial 
Deviat's. 


Primary 
rwraction. 


Secondary 
Sep R ACTION. 


ii,+fi,= 


r, > r, 


y 


Rr 


USP"«-) 


R, 


(Jspnw) 


3.5 C 1.6ZI. 


30° 
46° 
00° 


3.75a 
3.48 

3.0B 


8.5 

3. 


O.S6fl. 

0.54 

O.fll 


«25Z>. 

0.5 

1. 


4Z>. 

4 

4 



FOR COMBINED CONTRA.. GENERIC CYLINDERS. 



Element AST 
Eefbactions. 


Axial 
Dbtiat'h. 


PoamvE 
Refraction, 


Nbgatitk 
Refraction. 




r, > -r. 


7 


+B, 


{Jpprm:.) 


~«0 


(Jppna.) 


+4C-3.75i>. 


80° 
45° 
60° 


3.3B7Z). 

3.053 

8.584 


+ 3.52>. 

+ 3. 
+3.5 


1.14Tfl. 

1.803 

3.314 


-1.35Z>, 

-1.75 

-2.25 


+1.36I>. 

+ 1.25 
+ 1.25 


ri < -Co 


7 


+ fl, 


Upprvr.) 


-«„ 1 Ujip™.) 




+ 2C-2.75i). 


80° 
45° 
60° 


a856«. 

1.335 

1.890 


+ 0.T5/>. 
+ 1.26 
+ 1.76 


i.eooD. 

2.075 
3.440 


-].5i>. 

-3. 

-3.5 


-0.781). 

-0.76 

-0.75 



* If 4D. be written, than £i + iJ, = 4.35Z>., whith would be more refraction 
than is inherent in the combination, yet in neutralizing by iD. the error will scarcely 
be detected. 



k. 



